Abstract -In two-dimensional anomalous Floquet insulators, chiral boundary states can spectrally detach from the bulk bands through non-Hermitian boundary state engineering. We show that this spectral detachment enables spatial detachment: The non-Hermitian boundary can be physically cut off from the bulk while retaining its topological transport properties. The resulting one-dimensional chain is identified as a non-Hermitian Floquet chain with non-zero winding number. Through the spatial detachment, the conventional bulk-boundary correspondence is recovered in the anomalous Floquet insulator. We demonstrate our theoretical findings for the standard model of an anomalous Floquet insulator and discuss their experimental relevance.
The cornerstone of topological band theory is the bulkboundary correspondence which provides a fundamental connection between the insulating bulk and chiral boundaries of a topological insulator [1] [2] [3] [4] [5] [6] . Quantized transport emerges at a boundary via chiral boundary states if and only if the boundary is attached to a topologically nontrivial bulk. Since the transport is exclusively determined by the bulk topology, it is impervious to boundary deformations. This provides robustness but also serves as a fundamental restriction. Suppose we tried to extract a chiral boundary state from a topological insulator by cutting off one of its boundaries. Any such attempt would necessarily fail. In agreement with the bulk-boundary correspondence, the chiral boundary state would move towards the newly created boundary of the topological insulator. On the cut off boundary, chiral transport would no longer occur.
In this work, we demonstrate that the boundary of a two-dimensional anomalous Floquet insulator can retain its topological transport properties when it is cut off, provided that its boundary states are spectrally detached from the bulk bands. Before we explain our idea in greater detail, let us briefly review its three essential ingredients: anomalous Floquet insulators, non-Hermitian Floquet chains, and non-Hermitian boundary state engineering (BSE).
(a) bastian.hoeckendorf@uni-greifswald. de In anomalous Floquet insulators [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] , each of the individual Floquet bands is topologically trivial. Nevertheless, non-trivial topology emerges through the dynamical evolution of the system, resulting in a non-zero W 3 invariant [8, 9] . The signature of this topological phase is found in the spectrum of the Floquet-Bloch propagator U (k) ≡ U (T, k), which is the solution of the Schrödinger equation i∂ t U (t, k) = H(t, k)U (t, k) after one period of a time-periodic Bloch Hamiltonian H(t, k) = H(t + T, k). Here, we impose a strip geometry, as in the top row of Fig. 1 , such that k denotes the momentum parallel to the boundaries of the strip. The spectrum {e −iε(k) } ofÛ (k) with the real-valued Floquet quasienergies ε(k) lies on the unit circle. The boundary states of an anomalous Floquet insulator form non-contractible chiral loops k → e −iε (k) that wind around the unit circle (see the first panel in the bottom row of Fig. 1 ). Loops with opposite chirality, belonging to boundary states on opposite boundaries, do not cancel each other because the boundary states are spatially separated by the bulk.
One-dimensional non-Hermitian Floquet chains are distinguished from static or Hermitian chains by their capability to realize topological transport through quantized charge pumping [19, 20] . The bulk states of these chains appear as non-contractible loops with opposite chirality in the now complex-valued quasienergy spectrum, in analogy to the boundary states of anomalous Floquet insulators. separation in the form of an imaginary gap iΓ (see the last panel in the bottom row of Fig. 1 ). The direction of chiral transport is determined by the non-contractible loops above the imaginary gap. This situation is classified by the Z-valued winding number [19] W (Γ) = i 2π
which simply counts the chirality of the non-contractible loops above the imaginary gap. By definition, the winding number can only change when the imaginary gap closes. For the trivial imaginary gap Γ = −∞, we obtain the total chirality W (−∞) = 0 of the spectrum, which is necessarily zero due to the invertibility of the propagator [19] . BSE [21] establishes a connection between anomalous Floquet insulators and non-Hermitian Floquet chains. This connection provides the basis for our analysis. BSE denotes a process in which non-Hermiticity is used to spectrally detach the boundary states of an anomalous Floquet insulator from the bulk bands. Consider now, e.g., the configuration in the central panel of the top row of Fig. 1 where BSE is applied to the bottom boundary of an anomalous Floquet insulator. Since an imaginary gap separates the boundary state on the bottom boundary from the rest of the quasienergy spectrum, the two-dimensional system is no longer just described by a non-zero W 3 invariant, but also by a non-zero winding number W .
The non-Hermitian boundary can now be cut off by setting all couplings between it and the bulk to zero, as in the right panel of the top row of Fig. 1 . On the newly created Hermitian bottom boundary of the anomalous Floquet insulator, a chiral boundary state emerges in accordance with the bulk-boundary correspondence. At the same time, an additional chiral mode with opposite chirality is created on the cut off boundary since the total chirality W (−∞) must remain zero. Due to the BSE, this additional mode is separated from the original boundary state by an imaginary gap. The winding number of the cut off boundary is non-zero. The cut off boundary has become a non-Hermitian Floquet chain.
We demonstrate our findings for the standard model [8] of an anomalous Floquet insulator which is sketched in Fig. 2(a) . The 2 + 1-dimensional driving protocol is implemented on a square lattice with lattice sites • (filled circles) and • (open circles). We enforce translational invariance along the x-axis and open boundary conditions along the y-axis such that the lattice possesses a top and bottom boundary. The number of sites between the two boundaries is indexed by the parameter N y [see Fig. 2(b) ]. The time-periodic Bloch Hamiltonian H(t, k) of the driving protocol, with momentum k along the x-axis, cycles through four consecutive steps
, each of which couples two different adjacent sites of the lattice. The propagators of each step are U (i) (k) = exp(−iδtH (i) (k)) and the FloquetBloch propagator of the full driving protocol is given bŷ
To specify the Hamiltonians of the individual steps, we use standard bra-ket notation, where |•, n y (|•, n y ) denotes the Bloch state of a particle on the • (•) sites in the n y -th layer between the bottom and top boundary with n y = 1, ..., N y . To avoid notational clutter, we omit the explicit momentum dependence |•, n y ≡ |•, n y , k , |•, n y ≡ |•, n y , k of the Bloch states. With these con-ventions, the four steps are expressed as
The symmetry operator S(k) = Ny ny=1 (|•, n y •, n y | + |•, n y •, n y |) exchanges the two types of sites. Note that we normalize the Brillouin zone to the interval k ∈ [−π, π). The three parameters J, γ, and α control the coupling strength, the spectral attachment/detachment of the boundary state on the bottom boundary, and the spatial attachment/detachment of the bottom boundary, respectively.
We first focus on the case α = 1, where the bottom boundary is fully attached to the rest of the lattice. The pairwise coupling between two sites in each of the four steps is effectively described by the 2×2 Hermitian Hamiltonian
The associated propagator U J = exp(−iδtH J ) = cos(J) − i sin(J)σ x , of a time step, is a periodic function of J. Since U J = (−1) m U J+mπ for every m ∈ Z, we may restrict ourselves to the parameter range J ∈ [0, π). For 0 ≤ J < π/4 and 3π/4 < J < π, the W 3 invariant vanishes, which indicates that the system is topologically trivial. On the other hand, the W 3 invariant is non-zero for π/4 < J < 3π/4. This indicates that the system is in the anomalous Floquet topological phase, which makes it a candidate for BSE.
The simplest way to facilitate the BSE is to implement gain or loss on the isolated boundary sites that, in the respective step of the protocol, do not couple to other sites [21] . Here, we place a non-Hermitian imaginary potential iγ/δt onto the isolated sites in steps 2 [see Eq. (2b)] and 4 [see Eq. (2d)] at the bottom boundary. For γ > 0, the imaginary potential corresponds to gain and for γ < 0 to loss. Note that the remaining lattice, including the top boundary, is Hermitian.
For the special value J = π/2, which we call perfect coupling, we have U J = −iσ x . A full amplitude transfer occurs between coupled sites and the driving protocol enforces the trajectories shown in Fig. 2(b) . An excitation in the bulk moves in a closed loop, while an excitation starting on a • site (• site) at the bottom (top) boundary is transported two sites to the right (left). This pattern of motion gives rise to boundary states on the bottom and top boundary with opposite chirality. The chiral boundary state on the bottom boundary gets amplified (attenuated) by a factor e 2γ for γ > 0 (γ < 0). All other excitations have constant amplitude. This corresponds to the quasienergy dispersions ε(k) = 0 for the bulk band and ε(k) = π + k + 2iγ [ε(k) = π − k] for the chiral boundary state on the bottom [top] boundary. We have W (Γ) = 1 for γ > 0 and W (Γ) = −1 for γ < 0 with the imaginary gap iΓ at Γ = γ.
For sufficiently large values of |γ|, the boundary state on the bottom boundary remains detached from the rest of the spectrum for any non-perfect but non-zero coupling even if the W 3 invariant vanishes. We here observe the breakdown of the bulk-boundary correspondence. Notably, the breakdown is restricted to the non-Hermitian bottom boundary. Fig. 3 demonstrates this phenomenon. At J = 1 (left panels), the W 3 invariant and winding number W are both non-zero. At J = π/4 (middle panels), the topological phase transition occurs and the W 3 invariant changes to zero. The imaginary gap, however, stays open, which means that the winding number W does not change. Consequently, the detached boundary state can not disappear and persists even beyond the phase transition at J = 0.7 (right panels).
The top boundary still fullfills the bulk-boundary correspondence, since it is Hermitian, so the boundary state that is localized on it disappears during the phase transition. It is replaced by a boundary state with the same p-3 chirality which is now localized on the bottom boundary (see the bottom row of Fig. 3 ). This new boundary state forms a non-contractible loop with the bulk bands in accordance with the non-zero value of the winding number W . Here, we directly observe that the bottom boundary is essentially a non-Hermitian Floquet chain that is glued to a trivial insulator with W 3 = 0.
The breakdown of the bulk-boundary correspondence has previously been observed in many different nonHermitian static systems [22] [23] [24] [25] [26] [27] [28] [29] . In these system, the breakdown is a consequence of the non-Hermitian skin effect, in which bulk states are exponentially localized upon the introduction of an open boundary condition, leading to a significant change in the energy spectrum. In our case of an anomalous Floquet insulator, the bulk quasienergies do not depend on the boundary condition. The breakdown of the bulk-boundary correspondence is a consequence of the spectral detachment between bulk and boundary states induced through BSE. The conventional bulk-boundary correspondence is immediatly recovered when the nonHermitian boundary is cut off.
By setting α = 0, the bottom boundary is cut off from the remaining lattice and can be regarded as a seperate one-dimensional chain. The trajectories enforced by this chain for perfect coupling are shown in Fig. 2(c) . The two counterpropating bulk states of the chain coincide with the boundary states of Fig. 2(b) in terms of both trajectories and quasienergies. We again have W (Γ) = 1 for γ > 0 and W (Γ) = −1 for γ < 0 with the imaginary gap iΓ at Γ = γ. Note that there is no spatial overlap between the wave functions of the two bulk states for perfect coupling.
For non-perfect coupling, this is no longer the case. Therefore, the imaginary gap only persists for sufficiently large values of γ. The critical value γ c , at which the imaginary gap closes, follows from the eigenvalues ofÛ (k) for the chain, analogous to Ref. [19] . The two eigenvalues are
with κ = k/2 + iγ/2. The topological phase transition between a trivial chain with W = 0 and a nontrivial chain with W = 1 occurs when the square root in Eq. (4) vanishes, which happens at γ = ±γ c for γ c (J) = 2 arcosh(1/ sin |J|).
The critical value γ c is generally larger then the value of γ at which the boundary state detachement occurs for α = 1. This is due to the spatial overlap between the counterpropagating bulk states in the chain for α = 0 which reduces the imaginary gap induced by BSE. The various scenarios that emerge in the present driving protocol after the bottom boundary has been cut off are shown in Fig. 4 . In all cases, we recover the conventional bulk-boundary correspondence in the anomalous Floquet insulator. NonHermitian Floquet chains with non-zero winding numbers are generated if γ is above the critical value γ c as in the Fig. 4 : Same as Fig. 3 , now showing the spectra before (α = 1, left panels) and after (α = 0, central and right panels) the bottom boundary has been cut off. In the top row we use the parameters J = γ = 1, in the second row we use J = 1, γ = 1.8, in the third row we use J = 0.7, γ = 1.8, and in the bottom row we use J = 0.7, γ = 2.1. In all panels, we have Ny = 20. The color of the curves now indicates the amplitude distribution of the eigenfunctions on the red, blue, gray, and green colored area of the lattice in Fig. 2(c) .
second and fourth row of Fig. 4 .
In conclusion, non-Hermitian Floquet chains can be constructed from the non-Hermitian boundaries of twodimensional anomalous Floquet insulators. The crucial aspect in this construction is the imaginary gap created with the help of BSE. The imaginary gap provides topological protection for the spectrally detached boundary states irrespective of the bulk topology. Our construction enables a straightforward experimental realization of non-Hermitian Floquet chains by exploiting existing experimental designs [15] [16] [17] [18] for anomalous Floquet insulators. The present model can be implemented in photonic waveguide lattices [15, 16] . In that context, the BSE could be realized through waveguide bending [30] .
An interesting route for future research is the application of our procedure to symmetry-protected anomalous Floquet topological phases or systems with different spatial dimensionality [12] . We expect that by cutting off the boundaries from other anomalous Floquet insulators, e.g. those with fermionic time-reversal symmetry [18, 21] , novel non-Hermitian Floquet topological phases will emerge, which may also possess interesting (quantized) transport properties.
